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data with shapes of functions, sequences, and signals
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need for geometric signal processing tools

• Biological data is subtle - large variation in normative population

• Linear Models do not capture the variation in anatomy well

• Importantly Linear Models do not exploit the underlying geometry of the 

signals 

• “Often, we are interested in comparing the deformations of the objects, rather 

than a precise definition of the object itself” †

• Above idea naturally translates to the mathematical modeling of transformation 

groups that are non-linear manifolds

†Thompson DW (1917) On Growth and Form, Cambridge University Press.
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tumor doesn’t enhance despite the intact viability or 
actual progression. DWI may be useful to demonstrate 
persistent or progressive tumor despite the lack of 
contrast enhancement. Pseudo-progression is seen in 
the setting of edema associated with the inflammatory 

response rather than progression of the true tumor. ADC 
values have been reported to be have an accuracy of up-
to 80% in resolving the two entities[11]. DTI is helpful for 
intraoperative navigational purposes in order to avoid 
injuring the corticospinal tracts[12].

White matter diseases
The exquisite sensitivity of DW MRI to microstructural 
changes enables us to detect the abnormalities much 
before changes on conventional images. In white matter, 
any change in tissue orientation patterns inside the MRI 
voxel results in a change in the degree of anisotropy 
and there is growing evidence in literature to support 
this assumption. Clinical studies carried on patients 
with white matter diseases have shown the sensitivity 
of DTI to detect abnormalities at an early stage and to 
demonstrate the microstructural abnormalities in various 
white matter diseases. Examples include multiple 

sclerosis, Alzheimer disease, leukoencephalopathies, 
Wallerian degeneration, Cerebral Autosomal Dominant 
Arteriopathy with Subcortical Infarcts and Leukoen-
cephalopathy and HIV-1 encephalopathy[13-18].

Anisotropy measurements may highlight more subtle 
anomalies in the organization of white matter tracks 
otherwise not visible on anatomical imaging. This property 
extends the potential of DTI in detecting more subtle 
changes, e.g., functional disorders that do not necessarily 
have an anatomical basis. The potential is enormous and 
covers cognitive impairment, schizophrenia, dyslexia and 
various other psychiatric disorders[10]. 

Pediatric brain development and aging
Brain’s microstructure is not static, white matter tracts 
mature during early life and then degenerate with aging. 
Effects of aging on white matter organization have 

been studied[19,20]. DTI has a potential in the evaluation 
pediatric population. The degree of diffusion anisotropy 
in white matter increases during the myelination process 

and hence water diffusion properties of white matter 
in the brain change dramatically during development. 
Diffusion metrics are isotropic in the adult brain cortex 
but there is a short time window of anisotropy. This 
transient anisotropy effect probably reflects the cellular 

migration and organization process within the cortical 
layers[10]. DTI can be used to monitor the myelination 
process during the different phases of development in 
fetuses, infants and childhood[20,21]. Similarly DTI can 
also be used to characterize white matter disorders and 
grey matter migration disorders in children[22,23]. 

Oncological applications
Diffusion-weighted imaging has got immense potential 
in the field of onco-imaging. It is easy to implement 
and adds very little time to a standard MR examination. 
Malignant lesions have lower ADC values compared 
to surrounding normal tissue, edema and benign 
tumors in brain, head and neck malignancies, prostate 
and liver cancer[24]. Malignant tumors differ in their 
cellularity and biologic aggressiveness, which can be 
quantified in terms of ADC values[24,25]. Whole-body 
DWI, i.e., diffusion weighted whole body imaging with 
background suppression (DWIBS) is performed using a 
STIR EPI sequence with a high b value for background 
suppression. Imaging is performed at multiple stations 
and then post-processed to form a composite image of 
the whole body. The images are displayed as maximum 
intensity projections with a reversed gray scale[26]. 
Signals from majority of normal tissue are suppressed 
with some exceptions such as the prostate, spleen, 
ovaries, testes, spinal cord and endometrium. Areas 
showing restricted diffusion such as highly cellular 
lymph nodes are strikingly highlighted. Small foci of 
tumors within the abdomen or peritoneum may also get 
highlighted by using this technique[26,27]. Recent appli-
cations of DWI in oncology include evaluation of response 
to chemoradiotherapy. Increase in ADC value can be 
detected before the size of the tumor decreases[28,29].

Head and neck malignancies
DW-MRI has been applied in head and neck neoplasms 
(Figure 2). There is a significant difference in ADC 
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Figure 1  Acute infarct. Axial FLAIR image (A) shows geographic hyperintensity involving right parieto-occipital region and basal ganglia. Diffusion weighted imaging 
shows restricted diffusion with high signal on b1000 image (B) and low signal intensity on apparent diffusion coefficient map (C).
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DWI contrast

These are different expressions of the same equation.
As described earlier, S and S0 are signal intensities with
and without diffusion weighting, respectively. The
parameter γ is a gyromagnetic ratio (2.7653 108 rad/s, T).
The parameters G, δ, and ∆ can be controlled by us.
These parameters are often abbreviated to one parameter,
b ð5 γ2G2δ2ð∆2 δ=3ÞÞ: So, the preceding equations can
be simplified to:

lnðSÞ5 lnðS0Þ2 bD
S5 S0e2bD ð3:18Þ

This equation is similar to a simple linear equation,
Y5 constant#aX, where X is an independent variable
corresponding to our “b” value, constant is ln(S0), and
Y is a dependent variable corresponding to our mea-
surement results, ln(S). If we plot X versus Y (meaning
b versus ln(S)), we should observe linear decay of log
(signal) as shown in Fig. 3.9. In this equation, there are
two unknowns, S0 and D. Therefore, we need at least
two measurement results to solve it.

3.3 DIFFUSION CONSTANT CAN BE
OBTAINED FROM THE AMOUNT OF
SIGNAL LOSS BUT NOT FROM THE

SIGNAL INTENSITY

In Fig. 3.10, the results of diffusion imaging shown
in Fig. 2.6 (Chapter 2) are copied. To investigate water

diffusion at each pixel, we have to study the intensity
of each pixel individually. It must be stressed that the
diffusion constant cannot be obtained from the signal
intensity of one image. Let us consider pink and blue
pixels in an image with b5 100 s/mm2. In this exam-
ple, we can see that the pixel intensity of the pink pixel
is lower than that of the blue pixel. However, we can-
not conclude that the diffusion constant is higher in
the pink pixel. This is because the intensity of each
pixel is weighted by proton density, T1, T2, and dif-
fusion properties of local water molecules. Therefore,
the intensity difference between pink and blue pixels
(indicated by an asterisk) cannot indicate if there is
any difference in diffusion constants in these regions.
Suppose we use a very long repetition time, and T1

weighting is negligible; we can write an equation of
signal intensity of the pink and blue pixels as
follows:

Sb5100;pink 5PDpinke21=T2;pinkTEe2b100Dpink 5 S0;pinke2b100Dpink

Sb5100;blue 5PDbluee21=T2;blueTEe2b100Dblue 5 S0;bluee2b100Dblue

ð3:19Þ
where PD stands for proton density and TE for echo
time. The term PDe-1/T2TE is simplified to S0. If we find
Spink# Sblue, we cannot decide whether this is due to
S0,pink# S0,blue (difference in proton density and/or T2)
or due to e2bDpink# e2bDblue (difference in diffusion
constant).
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FIGURE 3.9 Relationship between gradient parameters G, δ, ∆, and signal intensity S.
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the parenchyma. Also, when there is a tiny amount of
bulk motion such as brain pulsation, it shifts the loca-
tions of water molecules on a subpixel scale. This also
causes significant signal phase shift, which may inter-
fere with our MRI measurements. This point will be
described in more depth in Chapter 6.

The third kind of motion, and the one we are inter-
ested in, is “diffusion” (Fig. 1.3C). This is also called
intra-voxel incoherent motion (IVIM), random motion,
or Brownian motion. This motion has nothing to do
with physiological motion; even water molecules in a
test tube will move around unless the sample is frozen.
If we drop ink in such a system, its shape becomes big-
ger as time elapses but its center remains at the same
position. Along any arbitrary axis, the probability of
going one way or the other is the same. The ink will
spread out according to a “Gaussian distribution”
(assuming there is no barrier), and this is what we
want to measure.

1.3 HOW TO MEASURE DIFFUSION?

1.3.1 We Need Gradient Systems to Measure
the Diffusion Constant

In the previous section, we defined what diffusion
is. We also learned that the only information we usu-
ally use for NMR/MRI is signal intensity; peak height
in NMR spectroscopy or pixel intensity in MRI. The
intensity is dominated by water concentration (proton
density). It is also influenced by signal relaxation time
such as T1 and T2. Here, our task is to sensitize the sig-
nal intensity to the amount of water diffusion or diffu-
sion constant. For this purpose, we need to use a
special device called a “pulsed magnetic field gradi-
ent” (referred to hereafter as simply “gradient”).

The magnetic field gradient is a technology
that introduces a linear magnetic field inhomogeneity
(i.e., gradient) (Fig. 1.4).
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FIGURE 1.3 Difference between bulk motion (A), flow (B), and diffusion (C).The actual amount of water diffusion is approximately
5!10 µm during MR measurements, while the pixel size is typically 2!5 mm. So, the water motion in (C) is exaggerated.
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v3, or “eigenvectors.” Because we need these six para-
meters to characterize an ellipsoid, six measurements
of lengths along six arbitrary axes are needed to
uniquely determine the ellipsoid.

4.4 DIFFUSION TENSOR IMAGING
CHARACTERIZES THE DIFFUSION

ELLIPSOID FROM MULTIPLE DIFFUSION
CONSTANT MEASUREMENTS ALONG

DIFFERENT DIRECTIONS

It is intuitive that anisotropic diffusion can be char-
acterized by measuring the diffusion constant along
many directions. Let us use a simple analogy to illus-
trate this point. Suppose we have a piece of paper that
has tightly woven vertical fibers and loosely woven
horizontal fibers (Fig. 4.7A). Let us cut the rectangular
piece of paper into a circle and rotate it so that we no
longer know the orientation of the vertical and hori-
zontal axes (Fig. 4.7B). Here, our task is to decide the
orientation of the vertical axes of the paper.

Isotropic diffusion

Anisotropic diffusion

FIGURE 4.3 Water diffusion carries information about whether
the environment is random (isotropic diffusion) or ordered (anisotro-
pic diffusion).
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FIGURE 4.4 Diffusion constant maps of a human brain using two different gradient orientations. Brain regions indicated by red arrows
have markedly different diffusion constants between the two images.
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The number of parameters required to uniquely define it

FIGURE 4.5 The number of parameters
needed to define an oval and an ellipsoid.
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despite the variety of fibre types and species. Further-
more, the anisotropy was significantly greater than that
observed in muscle. Some of the first studies recognized
the value of measures of diffusion anisotropy for
following brain maturation28,29 or mapping fibre orienta-
tion in the brain non-invasively.30 Reviews in 1991 by
two pioneers in the field of NMR measurements of water
diffusion in biological systems, Michael Moseley and
Denis Le Bihan, provide further details on the early views
of diffusion.1,31 As both authors pointed out, although
diffusion taking the path of least resistance along the
oriented fibres was an obvious and plausible explanation
for the observed anisotropy, the specific origin of
anisotropic water diffusion was still unknown and
unevaluated in the neural fibre tracts.
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Anisotropic water diffusion is no doubt related to the
ordered arrangement of the myelinated fibres in nerve
and white matter. However, little work had been
performed to determine the relative contributions of the
various structural components of white matter to the
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To answer this question, we can drop ink on the

paper and see how the stain spreads (Fig. 4.7C and

Fig. 4.7D). We expect that the stain becomes oval

instead of circular, and we can decide the orientation

of the vertical fiber from the orientation of the longest

axis. In this analogy, we can see the shape of the stain

and find the orientation of the longest axis. However,

what if the ink is invisible, and all we can do is to mea-

sure the length of the stain along arbitrary angles

(Fig. 4.8A)? Can we define the shape of the stain by

measuring the length along x and y axes (Fig. 4.8B)?

As illustrated in Fig. 4.8B and Fig. 4.8C, the two mea-

surements are not enough to uniquely define the shape

of the stain. To uniquely define the shape and orienta-

tion of a 2D oval, we need at least to know its length

along three independent orientations (Fig. 4.8D). This

is intuitively understandable if we think how many

parameters we need to mathematically define an oval,

which is three (Fig. 4.5). Of course, we can perform

more measurements to obtain more information about

the oval shape, which leads to an over-determined

system. If there are no measurement errors, more than

three measurements simply result in redundant data,

but, in reality, we always have measurement errors,

and the three-point measurement leads to significant

inaccuracies for the estimation of the oval (Fig. 4.8E:

no measurement error; Fig. 4.8F: with measurement

error along an axis shown in red). If we have over-

determined results, we can perform fitting to obtain a

result that best satisfies all the measurement results

(Fig. 4.8G: no measurement error; Fig. 4.8H: with mea-

surement errors). This is very similar to the way we

perform linear least-square fitting to estimate a simple

linear equation; y5 constant1 ax. Mathematically, we

need only two points to determine the parameters, a

and constant. In order to increase accuracy, we usually

obtain many more points and perform linear least-

square fitting.Because our brain is not 2D like the piece of paper,

we have to extend this analogy to 3D space.The oval is

now a 3D ellipsoid. We already know that we need six

parameters to determine an ellipsoid. Naturally, we

(A)

(B)

(C)

(D)

FIGURE 4.7 Determination of fiber orientation of a piece of paper. A piece of paper has dense vertical fibers and sparse horizontal fibers

(A). The paper is cut to a circle and rotated by an unknown angle, α (B). Ink is dropped on the paper (C), and the shape of the ink is observed

(D). The angle of the longest axis tells the rotation angle, α.
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FIGURE 4.6 Parameters needed to define a 3D ellipsoid.
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participate in the DTI study. Seventy-two were able to finish the scan.
Of those, 4 were excluded because of excessive artifact and 6 were
excluded because the Edinburgh laterality index was lower than 0.6,
resulting in a total of 62 patients finally included in the analysis (mean
laterality index=94.6±11.6). At the time of recruitment 96.8%
(n=60) were drug naive. The mean time between initiation of
antipsychotic treatment and MRI scan was 35.5 days (±30.0).

For the control groupwe selected 54 right-handed (mean laterality
index=87.6±14.6) subjects matched for sex, age and years of
education. The demographic and clinical data for the two groups are
summarized in Table 1. Patients did not significantly differ from
healthy volunteers in any of the demographic variables.

The voxelwise analysis revealed 4 clusters where the FA mean
values were significantly lower in first episode patients compared
with controls (Table 2). These clusters are displayed on a brain
template (Fig. 1) using the Micron software program (Rorden et al.,
2007). Regions with fractional anisotropy reductions were mainly
located in frontal and temporal lobe (in both hemispheres) and corpus
callosum. The white matter tracts (Table 2) traversing these clusters
were identifiedwith the use of the atlases of Talairach (Lancaster et al.,
2000; Mori et al., 2005) and JHU (Wakana et al., 2007), all integrated
in the FSL package (http://www.fmrib.ox.ac.uk/fsl/fslview). No
regions showed significantly higher FA values in the group of patients
compared with healthy volunteers.

Discussion

First episode patients showed significantly reduced mean frac-
tional anisotropy values in widespread white matter areas compared
with matched healthy controls. This study represents the largest
sample to date of first episode psychotic patients and they can be
considered a representative sample of incident cases of psychosis in
our region from February 2006 to June 2008. Studies in first episode

psychotic patients minimised the effects of chronicity and offer an
opportunity to test the hypothesis that white matter abnormality is a
primary factor in the etiopathology of schizophrenia. Even when we
reanalyzed the data, including only the patients with shorter duration
of untreated psychosis, the results remained unchanged, suggesting
that white matter abnormalities are already present a few weeks after
the psychotic symptoms appear. Findings from a recent DTI studywith
subjects at “high risk mental state” have been suggested that these
abnormalities may be a marker of vulnerability (Hoptman et al.,
2008).

Our data suggest involvement of interhemispheric connections
(body and genu of corpus callosum, forceps major); cortico-
subcortical pathways (thalamic radiation, corticospinal tract, cortico-
pontine tract) and networks interconnecting fronto-temporal and
fronto-occipital regions in both hemispheres. These findings are
comparable to those reported in patients with chronic schizophrenia
(Buchsbaum et al., 2006; Ellison-Wright and Bullmore, 2009; Mitel-
man et al., 2006). These results are also consistent with some studies
that have found widespread FA reduced values in first episode
psychotic populations (Cheung et al., 2008; Federspiel et al., 2006;
Hao et al., 2006) but seem to contradict others (Begre et al., 2003;
Friedman et al., 2008; Price et al., 2005). It is of note that most studies
that have used a VBM approach have reported significant differences
and most that did not find differences had applied a ROI analysis.
That suggests that the strategy may affect the sensitivity to detect
differences.

The pathophysiological mechanisms underlying reduced FA values
remain unclear. Each voxel contains thousands of axons as well as
different types of glial cells including oligodendrocytes. Decreased FA
may represent a change in any of these components and the anisotropy
abnormalities detected are not indicative of a specific pathological
process. Similar reduction in FA values have been shown in
demyelination processes (Roosendaal et al., 2009), edema (Santhosh

Fig. 1. White matter regions where fractional anisotropy was significantly lower in first episode patients (n=62) compared with healthy subjects (n=54). Note: cluster 1: green;
cluster 2: pink; cluster 3: blue; cluster 4: red. Left is left.
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Figure 1.
Illustration of the region of interest (ROI) selection: (A) ROIs at bilateral posterior cingulate,
internal capsule, and corpus callosum (genu and splenium); (B) the ROIs at the
parahippocampal region, and same regions overplayed on the FA and b = 0 images.
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Figure 3.
Scatter and box plots of fractional anisotropy in the left posterior cingulate in cognitive normal
( , mean ± SD = 0.42 ± 0.03), mild cognitive impairment ( , 0.38 ± 0.05), and Alzheimer
disease ( , 0.34 ± 0.05).
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 NEURORADIOLOGY:  Clinically Isolated Syndrome Raz et al

An MR evaluation may, however, be 
used as a surrogate marker of patho-
logic damage. 

 The fact that this study was con-
ducted in a consecutive series of 34 
patients with symptoms suggestive of a 
fi rst episode of MS has two advantages: 
First, patients with early-stage MS are 
not biased by the treatment and chron-
ic expression of the disease. Second, 
studying MS in its early stages offers 
the possibility of identifying predictive 
markers of the future clinical course. 

 DTI is considered a useful marker 
of pathologic damage as seen in post-
mortem studies of subjects who had MS 
owing to the opportunity it offers to as-
sess microscopic tissue properties (not 
accessible with conventional MR imag-
ing) ( 22,23 ). The study results enabled 
us to confi rm the high sensitivity of DTI 
in the detection of WM abnormalities 
not only in patients with clinically defi -
nite MS but also in patients with CIS. 

 The TBSS analysis revealed diffuse 
FA changes in the WM of patients with 
CIS in almost the whole skeletonized FA 
map, even when a cluster-level correc-
tion of  P   ,  .05 was used. This pattern 
of abnormalities extensively involves the 
principal WM bundles (the corticospi-
nal tracts and corpus callosum) and 
thalami. This observation, which is in 

 The VBM analysis revealed a cluster 
of reduced GM volume in patients ( t  = 
3.63) that was located in the left medial 
thalamus. The difference, however, did 
not remain after correction for multiple 
comparisons. No other areas of reduced 
GM volume were found. 

 Discussion 

 This study combines, to our knowledge 
for the fi rst time, a whole-brain imag-
ing investigation (lesions, NAWM, and 
NAGM) in patients who are in the 
earliest clinical stages of MS, as deter-
mined with unbiased methods of image 
analysis. The main fi nding of this study 
is that there is a widespread pattern 
of abnormalities in the NAWM, as evi-
denced by the reduction in FA, with no 
corresponding atrophy in the GM, as 
evidenced by VBM  . 

 This work provides insight into 
early expressions of MS. In this de-
cade, there has been considerable ef-
fort aimed at shedding more light on 
NAWM and NAGM abnormalities in 
patients with MS ( 2,3 ). Although his-
topathologic analysis is, in theory, the 
most informative approach to under-
standing these pathophysiologic events, 
postmortem tissue from patients in the 
earliest stages of MS is rarely available. 
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  Figure 1:  A colorimetric map is overlaid on the MNI152 (Montreal Neurological Institute, Montreal, Quebec, 
Canada) average brain coronal section and shows FA values in healthy volunteers and patients with CIS. 
Left: Average FA values in the group of healthy volunteers. Right: Average   FA values in the group of patients 
with CIS. The vertical bar shows that the FA values represented are between 0.2 and 0.9. FA values in the 
patients are grossly reduced, above all in the corticospinal tracts and corpus callosum. In the corticospinal 
tract, the mean FA value ranges from 0.70 to 0.85 in control subjects; however, the mean FA value ranges 
from 0.58 to 0.65 in patients. Similar differences can be seen in the corpus callosum and temporal WM.   
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An MR evaluation may, however, be 
used as a surrogate marker of patho-
logic damage. 

 The fact that this study was con-
ducted in a consecutive series of 34 
patients with symptoms suggestive of a 
fi rst episode of MS has two advantages: 
First, patients with early-stage MS are 
not biased by the treatment and chron-
ic expression of the disease. Second, 
studying MS in its early stages offers 
the possibility of identifying predictive 
markers of the future clinical course. 

 DTI is considered a useful marker 
of pathologic damage as seen in post-
mortem studies of subjects who had MS 
owing to the opportunity it offers to as-
sess microscopic tissue properties (not 
accessible with conventional MR imag-
ing) ( 22,23 ). The study results enabled 
us to confi rm the high sensitivity of DTI 
in the detection of WM abnormalities 
not only in patients with clinically defi -
nite MS but also in patients with CIS. 

 The TBSS analysis revealed diffuse 
FA changes in the WM of patients with 
CIS in almost the whole skeletonized FA 
map, even when a cluster-level correc-
tion of  P   ,  .05 was used. This pattern 
of abnormalities extensively involves the 
principal WM bundles (the corticospi-
nal tracts and corpus callosum) and 
thalami. This observation, which is in 
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3.63) that was located in the left medial 
thalamus. The difference, however, did 
not remain after correction for multiple 
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Fractional anisotropy (FA) diffusion measure — voxelwise analysis

diffusion-weighted imaging

• Measure of anisotropy
• Alterations in white matter fiber axon density, myelination, etc.
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presentation of clinical symptoms in ALS, early diagnosis can be
challenging and the disease can go undetected in many patients
until they present with severe symptoms. Hence, the development
of quantitative and automated methods for diagnosis and disease
monitoring has been a major focus within clinical neuroimaging
research. Diffusion MRI holds promise as a tool to detect the
early stages of neural degeneration and corroborate behavioral
assessments. Group analyses have consistently demonstrated
significant reductions in FA, increases in RD, and increases in
MD in the corticospinal tract29,49. Group comparisons provide
information about the average pattern of disease progression but
ultimately the goal of clinical neuroimaging research is to develop
techniques that have sufficient sensitivity and specificity to be
applicable at the individual level. A recent study used AFQ and a
random forest classifier to develop an automated diagnosis sys-
tem to classify subjects as healthy or diseased based on dMRI
measures29. They achieved 80% classification accuracy (cross-
validated) based on Tract Profiles of the corticospinal tract and
reported that FA and RD at the level of the cerebral peduncle and
posterior limb of the internal capsule were the most informative
diffusion properties. These effects can be visualized in AFQ
browser by binning the subjects based on disease diagnosis
(https://YeatmanLab.github.io/Sarica_2017/, Fig. 4). As reported
by Sarica et al.,29 the mean RD and FA values in this region of the
CST are more than 1 SD different in ALS patients compared to
controls (node 40, arrow, Fig. 4). Even though a multivariate
classification strategy (random forests) is used to achieve good
diagnostic accuracy, visualization of individual Tract Profiles
demonstrates that a majority of patients (75%) deviated by more

than 1 SD from control values within the right CST at the level of
the cerebral peduncle. Based on these data that were made pub-
licly available through AFQ-Browser, we implement a series of
computations in a Jupyter Notebook that reproduce the central
findings, and a figure from the original work (https://github.com/
YeatmanLab/AFQ-Browser_data/blob/master/AFQ-
Browser_ALSexample/Reproducing-Sarica2017-Figure3.ipynb).

The goal of most clinical neuroimaging studies is to detect
regions of the brain that are affected by the disease. While not a
central focus of clinical research, there is also scientific
importance to clearly establishing regions of the brain that are
not affected by the disease. Based on the previously published
data in Sarica et al.29, we can investigate the specificity of the
effects to the CST and determine whether there are any tracts that
can be established as control regions not affected by the disease.
We find that the CST is the only tract that shows large (>1 SD)
differences between patients and controls in terms of RD and FA
values. While there are a few regions that show small differences
(depending on the statistical threshold), the specificity of the
effects to the CST is striking. For example, many tracts including
the forceps major and forceps minor of the corpus callosum and
the left and right inferior fronto-occipital fasciculus show nearly
identical distributions of values between patients and controls
(Fig. 4).

Removing barriers for interdisciplinary collaboration. Statis-
tics, machine learning, and data science are making impressive
strides in the development of general-purpose methods for the
interpretation of data across a variety of scientific fields50. One of
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Fig. 4 Amyotrophic lateral sclerosis patients show isolated degeneration of the corticospinal tract. a Means and standard deviations of FA and RD values
are shown for ALS patients (blue) and control subjects (red). Individual patients are displayed as light blue lines for the CST. At the level of the cerebral
peduncle, patients differ from controls by more than 1 standard deviation (black arrow). No other tracts show this large effect. bMeans and standard errors
are shown for ALS and control subjects to indicate regions of significant group differences. Group differences are relatively specific to the CST (see
Figure5_ALS.m and https://YeatmanLab.github.io/Sarica_2017/)
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• Geometry of white matter tracts are highly 
heterogeneous 

• Direct tract-correspondence across 
populations remains challenging 

• Preserving geometric information is difficult 

• Want to regard streamlines as an entire 
collection as opposed to an average: 
 
— however typically this requires pairwise 
comparisons of streamlines                                
— If no pairwise comparisons, forms of 
dimension reduction are usually required

main challenges



• Requires Pairwise comparisons of streamlines

• Streamlines are represented in 

• Apply affine transformations to register tracts

• Local differences in the bundle may remain unregistered

ℝ3

related methods: robust efficient linear registration

Garyfallidis et al. NeuroImage (2015)



• Can characterize the bundle via its response to ‘exciting’ vector fields 

• Can represent a tract using a small number of currents (dim-reduction)

• Tends to capture local geometry

related methods: currents

Durrleman et al. NeuroImage (2011)



We characterize a set of streamlines as a pair: 
 
        An intrinsic shape mean 
 
       The rest of the fibers are represented by a low-dimensional 
       tangent vector representation  

βμ

bundle representation

<latexit sha1_base64="4/JtQy2MNhTGCbBeKtKhSZPgWds="></latexit>

A = hvi, gkii,k



• Coordinates of a white matter fiber 
bundles are represented as a collection 
of functions in a  Hilbert space:

• Note:  One could add additional constraints, such as scaling invariance, rotation 
constraints, and translation constraints

• We don’t impose such constraints on the original space of curves

collection of curves
representation



• For each fiber, we take the 
SRVF representation

• SRVF’s form a subset of the 
unit Hilbert Sphere

Given:

srvf
mean fiber

q1
q2

✓

Joshi SH et al. (2007 IEEE CVPR, EMMCVPR), Srivastava et al. (2011 IEEE PAMI)



srvf
mean fiber

q1
q2

✓

• Our representation is invariant under scaling 
and translation 

• Fisher-Rao distance on the unit Hilbert sphere 
is given by: 
 
 

• Traversing a geodesic between two points in 
this shape space corresponds to the 
registration of curves in the original space 

• Pairwise comparisons have a large cost if 
implemented among a large population shapes

<latexit sha1_base64="GPgJfKjY6D9AWxYx833rp4gJRgU="></latexit>

argmin
�2�

||q1 � (q2 � �)
p

�̇||2



• Subset of a Hilbert Sphere

Karcher mean

• Define the Karcher Mean and 
project to Tangent Plane

we project the     to the Tangent space centered at 
     via exponential maps

where                  and          
is a reparameterization function

q1
q2

space of SRVFs

projections on the tangent space



• Fourier basis is chosen for 
denoted by  

• The Fourier basis has the advantage 
that the coefficient of the tangent 
vectors capture shape variability in 
the tract 

• We take the coefficient matrix as the 
representation of the tract, give by 

Tμ(S)
gk

q1
q2

distributions of streamlines

<latexit sha1_base64="/G7t8Q9WM6v6P0+D+3vs8Axw3zE="></latexit>

A = hvi, gki, i, k = 1, ..., N

low-dimensional representation



Compares Means

Obtains registration 
of core fiber (means)

Compares Overall Shape

Obtains registration 
of the coefficients of shape (bundle)

metric between bundles

joint alignment: means + tangent vectors



v3

v2
v1

β1
μ

β2
μw3

w2 w1

Tβ1μ
(s) Tβ2μ

(s)
Parallel Transport

parallel transport

joint alignment: means + tangent vectors

Andrew Lizarraga



• Comparing bundles from one subject to a template subject 
requires many distance computations on the low-dimensional 
projections

• This reduces to the following alternating optimization problem, 
which allows us to find a permutation and rotation assignment 
indicating which bundle should be registered from the source 
subject to the template subject:

• Here,      is an action by rotation, and      is an action by 
assignment (permutation)

subject to subject bundle assignment

bundle optimization problem



results: subject to template alignment



Bundle
L Th 
Rad

R Th 
Rad

L 
CST

R 
CST

L 
CnCn

R 
CnCn

L 
CnHp

R 
CnHp

CC F 
Maj

CC F 
Min

L 
ILF

R 
ILF

L 
SLF

R 
SLF

L 
Unc

R 
Unc

L 
Arc

R 
Arc

T-stat 43.27 33.75 9.88 22.6 18.5 19.8 3.72 11.9 4.07 1.79 8.72 15.33 18.73 11.52 9.14 8.49 33.2333.75

P-value p < 
1e-5

p < 
1e-5

p < 
1e-5

p < 
1e-5

p < 
1e-5

p < 
1e-5

p < 
1e-5

p < 
1e-5

p < 
1e-5 0.0748 p < 

1e-5
p < 

1e-5
p < 

1e-5
p < 

1e-5
p < 

1e-5
p < 

1e-5
p < 

1e-5
p < 

1e-5

Table 1: Comparisons of bundle point-set closeness between rigid and soft alignment using Hausdorff distance.

• We compute the bidirectional Hausdorff distance before and after alignment 

• Computed for each tract for N = 43 subjects and was shown to be significantly less after 
soft alignment (FDR corrected) 

• (Except for the CC F Min (p = 0.0748) after correcting for multiple comparisons using FDR) 
 
- The average Hausdorff distance for CC F Min was still lower for the soft alignment method 
but did not survive FDR

results: subject to template alignment



• After population is aligned to template, FA profiles are resampled 

• Profiles appear to be aligning even without explicitly using FA in the 
registration process 

• Similar looking tracts appear to carry similar FA values

results: FA alignment (without aligning FA explicitly)
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• After population is aligned to template, FA profiles are resampled 

• Profiles appear to be aligning even without explicitly using FA in the 
registration process 

• Similar looking tracts appear to carry similar FA values Lizarraga et al. In prep (2024)

results: FA alignment (without aligning FA explicitly)

Andrew Lizarraga



• A framework for soft registration of white matter fiber tracts using a low-
dimensional representation that encodes shape deformations

• The mechanism of parallel transport and product metric enables an effective 
computation of tract differences while simultaneously allowing the alignment of 
tracts 

• From within-tract fiber-to-mean registration results, we see that the shape 
alignment of geometrically similar fibers may enhance the features of diffusion 
measures sampled along their lengths even though the measure (FA) was not 
explicitly accounted for in the deformation process 

• This framework is general and will potentially allow statistical shape analysis of 
general collections of streamlines

discussion


